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Titte: METHOD OF PORTFOLIO VALUATION 

vjjnn nv T pE invention 

This invention relates to a system and method for valuing 
portfolios. More specifically, this invention relates to a computer-based 
5 system and method for valuing a portfolio in terms of values related to its 
future performance as determined by simulations, relative to a 
benchmark. 

K /yricnRQUND OF t he invention 

1 0 Risk management systems are commonly employed by 

financial institutions, resource-based corporations, trading organizations, 
governments, and other users to aid in the assessment and management 
of risk associated with the operations of the user. 

One popular example of a known risk management system is 

15 the RiskWatch V3.1.2 system, sold by the assignee of the present 
invention. This system allows users to employ models of financial 
ii\struments in the user's portfolio. The system evaluates the models at 
appropriate time intervals in view of a range of different possible 
scenarios- Each scenario comprises a set of values for risk factors employed 

20 in the models at each time interval, and each scenario has an assigned 
probability. Resulting attributes or risk values of the instruments when 
evaluated under each scenario at each time interval of interest are then 
used to produce one or more measures of risk (i.e. one or more risk 
metrics), which are examined to assess the risk to the user of holding the 

25 portfolio of instruments under the evaluated scenarios. One common risk 
value is the monetary value of the instrument or instruments under 
cortsideration, although other risk values including deltas, gammas and 
other computed values may also be employed. By combining these risk 
values appropriately, desired risk metrics can be obtained so that the user 

3 0 can, for example, identify opportunities for changing the composition of 
the portfolio, to reduce the overall risk of the portfolio or to achieve an 
acceptable level of risk. 
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Many prior art risk management systems and methods, 
however, require that broad simplifying assumptions (e.g. changes in 
certain values are normally distributed) be made for instruments which do 
not exist, or more specifically, for instruments which will not be created 
5 until some point in the future. This may be the case for a 90-day treasury 
bill (T-Bill) whose start date is two years away, for example. Simplifying 
assumptions must also be made for instruments for which appropriate 
pricing irrformation is not available. These simplif5dng assumptions are 
made even in circumstances when such assumptions may be in conflict 

1 0 with the conditions that apply imder one or more scenarios. 

Instruments I are not limited to financial instruments and 
can include other instruments, including insurance instruments and 
commodity options, for example. While an instrument I will most 
commonly be a financial instrument such as a stock, bond, derivative 

1 5 product, or insurance product for example, generally, an instrument I may 
be any model which accepts one or more risk factors to simulate a 
characteristic of a real-world entity including the likelihood of a def avdt by 
a cotmter party, for example. 

Also, in many known risk assessment systems and methods, 

20 risk and reward cire assessed on the basis of historical information, in 
partictdar, tihe past performance of the instruments in a portfolio. These 
systems and methods typically assume, explicitly or implicitly, similar 
performance in the future, which in some instances, leads to inaccurate 
results. Many risk assessment systems and methods ignore issues related 

25 to the aging of investments, which include the effects of bond coupor\s 
maturing into cash, and of the investment instruments maturing, for 
example. Liquidity restrictions on instruments in a portfolio, changes in 
market rates, credit spreads and credit downgrades can abo have a 
significant impact on the value of a portfolio. However, the effects of 

30 market, credit, and liquidity risks and the modeling of the correlation 
between these types of risks are not often dealt with adequately by existing 
risk assessment system a and methods. 



. 3 - 



Further, evaluating the trade-off between risk and return in 
prior art risk management and risk assessment systems and methods may 
be a prohibitively time-consuming and difficult task, particularly when a 
user's portfolio is large. 
5 It is known that the trade-off between risk and return can be 

expressed in a concise manner by meai\s of what is known as an "efficient 
frontier", which allows the optimal trade-offs between competing 
objectives to be identified. A classic example of this concept is the 
Markowitz mean-variance efficient frontier which trades off risk, as 
1 0 measured by variance of portfolio returns, and expected return. In this 
context, portfolios that earn the greatest return for a given amovmt of risk 
(or conversely, that incur the lowest risk to obtain a given level of return) 
^ are said to be efficient- 

Utility tlieory may then be applied to determine the 
J 15 composition of an investor's optimal portfolio, where the portfolio is 

m defined by a point on a cot\structed Markowitz efficient frontier. More 

S specifically, given a risk-averse investor, an attainable portfolio which 

r maximizes return for a specified level of risk and which has the highest 

^7 utility for the investor lies on the efficient frontier, and can be identified 

fy 20 using an investor's utility function. A utility fvinction quantifies the 

t desirability of a particular out<ome, with higher values indicating greater 

p desirability. 

Although it is widely applied, the Markowitz mean-variance 
framework for trading off risk and reward has certain drawbacks, including 

25 its inherent assumptions that returns are normally distributed, and that 
portfolios are static over time. These assumptions are routinely violated, 
for example, by portfolios containing optionality, which in addition to 
displaying non-normal returns, are typically rebalanced at regxUar 
intervals. Furthermore, constructing a Markowitz efficient frontier 

3 0 requires one to solve a quadratic program, which can be particularly time- 
consuming when the subject portfolios are large. 

Traditional mean-variance measures and Other risk-adjiisted 
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measures which may be used to evaluate the performance of an 
investment, or to aid in the ranking of such investments, are also known 
in the prior art. For example, Momingstar's risk-adjusted rating is a 
measure used to raiUc mutual funds relative to a specified benchmark 
5 instrument (i.e. U S. T-Bills). In measuring a mutual fund's risk, the 
expected losses of the mutual fund relative to the benchmark instrument 
are calculated and averaged. In measuring a fund's return, the difference 
between the cumulative value obtained by investing $1 in the mutual 
fund and the cumulative value obtained by investing $1 in the benchmark 
1 0 instrxunent is calculated. The relative returns for all the funds of a group 
are calculated by dividing each of the risk and return measures obtained by 
_ an appropriate base for the group, and may be subsequently rarOced. 

^ However, like many other traditional performance measures, 

S§ the calculation of Momingstar's risk-adjusted ratings asstmies that the 

15 statistics from historical frequency distributions are reliable predictors of 
in corresponding statistics from a probability distribution of future returns. 

S Furthermore, Momingstar's risk-adjusted ratings are often used to 

- evaluate the performance of a single fund, and do not typically incorporate 

[T information on correlations between multiple funds in a portfolio. 

fU 20 Accordingly, a forward-looking risk management system, 

J framework and methodology was developed by the assignee to provide for 

□ a more effective and efficient means of calculating performance measures 

and the trade-off between risk and reward for different sources of risk 
including market, credit, and liquidity risk, in a single, imified framework, 
25 The system, framework and methodology for determining and analyzing 
risk as described in U.S- Patent Application No. 09/323,680 addresses many 
of the disadvantages of prior art risk mar\agement and risk assessment 
systems. This system, framework and methodology will be referred to in 
this specification as the Mark-to-Future (MtF) framework. 
30 The MtF framework provides a fotmdation on which to 

construct efficient frontiers and to calculate a wide variety of risk/reward 
performance measures. Using a scenario-based approach, the MtF 
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framework does not place restrictions on the underlying risk factors or 
return distributions, and is able to incorporate effects related to the 
dynamic nature of portfolios, including the effects of cash settlement and 
active trading strategies, for example. The scenarios can be chosen to reflect 
5 not oitly historically-consistent events, but also extreme future possibilities 
that may be particularly damaging or rewarding for the portfolio. The 
scenarios can also be chosen to reflect the constraints imposed on investors 
in terms of the trades that they are able to execute. The limitations 
imposed by the finite liquidity of financial markets (i.e. typically, as the size 
10 of a trade increases, so too does the investor's per imit cost) can also be 
incorporated in an analysis within the framework. 

Several scenario-based models for analyzing the trade-off 
^ between risk and reward are known in the prior art. For example, 

SJ evaluation of the trade-off between a portfolio's expected profit and 

^ 15 expected downside relative to a benchmark has been discussed in U.S. 

Lq Patent No. 5,799,287, and in Dembo and Rosen, The practice of portfolio 

2 replication: A practical overview of forward and inverse problems, Armals 

r of Operations Research, vol. 85, ISJ-IM (1999). 

I . 

IS. 

5 SUMMARY OF THE INVENTION 

% 20 The invention relates to a simple, intuitive model which can 

p be used to assess the trade-off between risk and reward with respect to a 

portfolio's performance imder a range of future scenarios. The invention 
provides for an improved scenario-based model which does not require an 
explicit normalization constraint for scaling purposes. 
25 The invention also provides for a system and method for 

constructing efficient frontiers and obtaiiung performance measures using 
information inherently contained in the scenarios of an MtF framework. 
The invention readily accommodates liquidity and other trading 
constraints, and allows for the quantification of the costs related to these 
30 constraints. 

The invention also provides for a system and m thod for 
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pricing new securities/ and for pricing portfolio insurance for a given 
portfolio within the MtF framework. 

The invention also provides for a method of portfolio 
valuation and a system adapted to perform the method, in which the 
5 overperformance and underperformance of a portfolio tmder each of a 
number of different future scenarios relative to a benchmark are 
calculated. This permits a portfolio to be valued in terms of its 'Tut 
Value" and "Call Value", values which are functions of the portfolio's 
imderperformance and overperformance under the different scenarios 

1 0 relative to a benchmark, respectively. 

BRIEF DESCRIPTION OF THE DRAWINGS 

J2 For a better underetanding of the present invention, and to 

SJ show more clearly how it may be carried into effect, reference will now be 

^ made, by way of example, to the accompanying drawings which show a 

ill 1 5 preferred embodiment of the present invention, and in which: 

2 Figure 1 shows a schematic representation of a prior art mark- 

5 to-market valuation of an instrument; 

fr Figure 2 shows a schematic representation of a prior art mark- 

fy to-future valuation of an ii\strument for a single scenario; 

j 20 Figure 3 shows a flowchart of a prior art method of 

□ determining a risk metric in the form of a distribution of portfolio values 

and probabilities; 

Figure 4 shows a probability versus value distribution 

produced by the method of Figure 3; 

2 5 Figure 5 is a schematic diagram illustrating a portfolio Mark- 

to-Future cube; 

Figure 6 is a schematic diagram illustrating a computer 
system implementing the Mark-to-Future framework; 

Figures 7a is a schematic diagram illustrating a portfolio as 

3 0 comprising a distribution of unrealized upside gains and downside losses; 

Figure 7b and 7c are schematic diagrams illustrating the 
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payoffs of a portfolio representing upside and downside respectively; 

Figures 8a and 8b are graphs which model the liquidity costs 
of holding a given security; 

Figure 9 is a graph illustrating an example of a Put/Call 
5 Efficient Frontier; 

Figure 10 is a graph illustrating an example of a Put/Call 
Efficient Frontier showing an arbitrage opportxmity; 

Figure 11 is a graph illustrating how a portfolio is selected 
based on utility; 

1 0 Figure 12 is a graph illustrating how a portfolio is selected 

based on utility and absolute risk tolerance; and 

Figure 13 is a flow chart diagram illustrating the steps 
performed by the method of use of the present invention. 

DFTAILED DESCRIFTION OF THE INVENTION 

1 5 For clarity, before discussing the present invention in detail, a 

more detailed discussion of prior art risk management systems will be 
provided with reference to Figures 1 through 4. Figure 1 shows a 
representation of a known mark-to-market function for an instrument I in 
a defined portfoho of instruments P (not shown). Referring to Figure 1, a 

20 model M has been created for the instrument I \mder consideration. 
Model M takes one or more risk factors r/i as input and, generally, a time 
input T, which it then processes for instrument I to obtain a risk value V. 

Model M also accepts a calibration value C as necessary to 
calibrate the model to current conditions. 

25 The term "risk value" is intended to comprise any suitable 

measure of risk for the instrument. V can be the monetary value of the 
instrument or can be another derived risk vadue, such as a delta, gamma 
or sensitivity value, expressed in appropriate tmits. Further, V need not 
be a single value, as multiple values such as a delta and a gamma can be 

30 determined and stored if desired. 
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Risk factors can comprise a variety of data, including interest 
rates or rate spreadS/ and foreign exchange rates, for example. Further, 
instruments I are not limited to financial investaient instruments and can 
include other instruments, including insurance instruments and 
5 commodity options, for example. While an instrument I will most 
commonly be a financial ii\strument such as a stocky bond, derivative 
product, or insurance product for example, generally, an instnunent I may 
be any model which accepts one or more risk factors to simulate a 
characteristic of a real-world entity, including the likelihood of a default by 
10 a counter party, for example. 

In order to accurately determine future risk values of an 
instrument I, it is first necessary to determine the present risk value, or 
mark-to-market value, for the instrument I and to calibrate the model M. 
Referring to Figure 1, risk factors r/| through r/j are assigned their present 

1 5 actual (or best estimated) valueS/ T is assigned a zero value corresponding 

to present time, and V is determined. A calibration value C is determined 
and applied to M to ensure correspondence of the determined value V and 
the actual risk value of I at the present time. Calibration value C is stored 
for model M and is employed for all further calculations until the model is 

2 0 re-calibrated at a new time T=0. 

Once all models M for all instruments I in portfolio P are 
calibrated and mark-to-market risk values are determined for each 
instrument I in portfolio P, the risk analysis can be performed for P by 
applying a set of possible future scerwurios and a time T to models M to 

2 5 obtain mark-to-future risk values for each instrument I. A scenario s (not 
shown) comprises a vector with a value for each risk factor r/j employed 
by a model M in portfolio P, and each scenario has associated with it a 
probability of its likelihood of occurrence. Figure 2 shows model M being 
evaluated at a selected time T under scenario Si, to produce a value 

30 which is the risk value of instrument I at time T for the values of the risk 
factors defined in scenario s^. 
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Figure 3 i$ a flowchart illustrating a prior art method of 
producing a risk metric for a predefined portfolio P. 

At step 30, an outer loop for portfolio P is established to 
proems each scenario s in turn. 
5 At step 34, an inner loop is established to process each 

instrument I in turn. 

At step 38, the risk value V of the present ii\strument I imder 
consideration for the present scenario s is determined. 

At step 42, a determination is made as to whether any other 
1 0 instruments I remain to be considered. If the condition is true, the flow of 
method steps proceeds to step 34 and the next I is selected and considered. 
If the condition is false, the flow of method steps proceeds to step 46, at 
which the determined values for the instruments I are summed to get a 
total risk value for the portfolio P which is stored^ along with the 
1 5 probability assigned to scenario s. If there are multiple units of 
instruments I in portfolio P, the total risk value calctdated at step 46 is 
weighted accordingly (e.g. multiplying the value of an instrument I by the 
number of units of that instrtunent, the product used in calculating the 
total risk value). 

20 At step 50, a determination is made as to whether any 

scenarios s remain to be considered. If the condition is true, the flow of 
method steps proceeds to step 30 at which the next scenario s is selected for 
consideration, and steps 34 through 50 are performed again for the selected 
scenario s. If the condition is false, the flow of method steps proceeds to 

25 step 54, at which the summed risk values and their associated probabilities 
are outputted, and the method terminates. Often this method will be 
performed at many different times T, 

Figure 4 shows a possible Output of the process of Figure 3, 
namely a distribution plot of portfolio P's monetary value versus its 

3 0 probability of occurring. Such a distribution is then analy2ed by the user to 
determin a variety of risk-related measures such as Value-at-Risk (VaR) 
(i.e. the loss that is likely to be exceeded with a specified probability) or 
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other risk metrics. 

The assignee of the present invention has developed a 
system, framework and methodology for determining and analyzing risk, 
that attempts to address the deficiencies in prior art risk management 
5 systems and methods. This development is referred to herein as the 
Mark"to-Future (MtF) framework, and is described in U.S. Patent 
Application 09/323,680, the contents of which are incorporated herein by 
reference. 

Referring to Figure 5, at the foundation of the MtF 

1 0 framework is the generation of a three-dimensional MtF cube 120 

cor\sisting of a series of MtF tables 121. Each MtF table 121 has dimensions 
St X N, where is the number of possible future scenarios imder 
consideration and N is the number of instruments. In variant 
embodiments of the invention, the number of scenarios may vary over 

15 a series of time steps (as denoted by the subscript). In the preferred 
embodiment of the invention, however, we assume that the number of 
scenarios per time step is cor\stant. While in the preferred embodiment 
the MtF cube 120 comprises three physical dimensions, there can be many 
more logical dimensions, and in variant embodiments of the invention, 

20 the MtF cube 120 can comprise any number of physical or logical 
dimensions. 

Each MtF table 121 is associated with a given time step t over 
am overall time horizon of T steps. A pre-computed MtF Cube 120 
provides a basis onto which the mapping of all financial products and all 

2 5 positions in those products can be accommodated/ thereby enabling the 

full characterization of future portfolio distributions for multiple types of 
portfolios through time. 

Each cell in the MtF Cube 120 contains a simulated expected 
value (the MtF Value) of a given instrument imder a given possible future 
30 scenario and time step. These simulated values incorporate different types 
of risk, including market, credit, and liquidity risks. This is possible since 
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these various types of risks auid the correlation between these various 
types of risks are embodied in the scenarios that make up the data in the 
MtF cube 120. The values in the MtF cube 120 inherently may also 
incorporate the dynamic nature of portfolios, such as the effects of cash 
5 settlement or active trading strategies. In certain applications, other 
sensitivity measures such as an instrument's delta or its duration, for 
example/ may be included in addition to the MtF value. Therefore, in the 
general case, each cell of a MtF Cube 120 may contain a vector of risk factor 
dependent measures for a given instrument under a given scenario and 

1 0 time step. In other variant embodiments of the MtF framework, the 
vector may also contain a set of risk factor dependent cashflows for each 
scenario and time step. 

The MtF framework, and in particular the MtF cube 120 and 
the data contained in the MtF cube 120, provide a foimdation for a wide 

1 5 variety of means for assessing risk and reward associated with a portfolio. 

Referring now to Figure 6, a block diagram of a computer 
system is shown generally as 200, A brief discussion of system 200 is 
provided so that the reader may understand the utility of the present 
invention in the context of system 200, in which it is contained. 

20 System 200 can be implemented as part of the MtF 

framework. This framework is supported by a distributed component 
based architecture. This architecture, which we refer to as the Mark-to- 
Future architecture, provides an open scalable system with well-defined 
system interfaces ttiat enable integration with existing systems while also 

25 adlowing system 200 to evolve. 

A traditional risk framework takes a portfolio and position 
information as input to a scenario analysis. In contrast, system 200 
includes only the instnxment detail and delays the aggregation of the 
results into various portfoUo hierarchies until after the scenario analysis. 

30 The result of the scenario analysis is the MtF cube 120 which holds the 
value of each ir\strument imder each scenario and time point. 

Risk Engine 202 (e.g. Algorithmics' Algo Risk Engine) 
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performs risk processing to produce market, liquidity, and credit risk 
measurements. The method of the present invention can be performed by 
Risk Engine 202. The present invention resides in Risk Engine 20Z Risk 
Engine 202 combines the results calculated by RiskWatch 208 and stored in 
5 MtF cube 120 with data from risk controlling system (RICOS) 204 to 
produce a requested risk measurement. In the case of exposure 
calculations/ Risk Engine 202 considers account credit mitigation 
approaches such as, for example, netting hierarchies, credit mitigation 
portfolios, and credit-to-close. 
1 0 RICOS 204 is a limits management component enabling both 

overnight and real-time limits assessment. RICOS comprises input data 
components, a limits server, and a graphical interface which is used for 
limits configuration and management. Limits management capability 
includes the ability to create, modify, and remove time var3ring limits, deal 

1 5 reservation capability, and limits cascading. Within RICOS 204, a RICOS 

consolidation cube (not shown) is the key data structtire for exposure 
corxsolidation and limits management. The consolidation cube consists of 
different dimensions: risk-taker, risk-on, and product group. Each 
intersection of the consolidation cube is a consolidation point at which 

2 0 multiple limits types can be stored and checked. Inputs to RICOS 204 may 

comprise, for example: credit data (e.g. netting hierarchies, credit states, 
transition matrices, etc.), limit structures and exposure profiles via Risk 
Engine 202. 

The component managing pre-deal capabilities is the Pre-Deal 
25 Server (PDS) 206. PDS 206 is a full trartsaction system which is an XML- 
based product capable of supporting multiple languages (i.e. a protocol 
enabling e-commerce activities in the field of financial derivatives). PDS 
206 supports requests for the following analyses, for example: 

a) Pre-deal assessment with Mark-to-Market (MtM) plus 

3 0 add-on calculated exposxires; 

b) Pre-deal assessment using full simulation based 
expo<iure<;; and 
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c) Pre-deal limits checking with MtM plus add-on 

calculated exposures. 
The resulting pre-deal analysis is configurable^ ranging from a 
simple go/no-go result to a graphical display of the exposure profile 
5 through time. Pre-deal assessment evaluates the change in exposure if a 
user chooses to proceed with the transaction. Pre-deal limits checking 
extends the assessment by determining the impact to the limits structure. 
There are two primary methods for computing exposure: Mark-to-Market 
plus add-on (i.e. plus a spread), and full simulation. With Mark-to-Market 
1 0 plus add-on, the potential future exposure is estimated using a simple, 
computationally inexpensive look-up of an add-on amoimt . The add-ons 
can either be static, as defined in the Bank of International Settlement 
(BIS) methodology for example, or djmamic, in which case, tiie add-on 
factors are frequently recalculated by RiskWatch 208 to reflect the current 

1 5 state of the market risk factors that drive the exposure profile of the 

portfolio. Full simulation calculates the exposure using the more 
computationally expensive full simulation approach. In this case, 
RiskWatch 208 calculates a MtF cube 120 representing the value of the deal 
for each scenario and time point, and Risk Engine 202 combines the result 

2 0 witii the rest of the portfolio. 

RiskWatch 208 provides a set of methodologies to aggregate, 
simulate, measure, restructure and manage both credit and market risk. 
RiskWatch 208 has been designed as the modeling engine in a 
comprehensive risk management framework for not only meeting Bank 

25 of International Settlement (BIS) guidelines, but also for active risk 
management and capital allocation. RiskWatch 208 creates the MtF cube 
120 by revaluing a set of instruments for each scenario and each time 
point. RiskWatch 208 receives input such as, for example: treasury 
products, financial models, and scenarios from HistoRisk 210 described 

30 below. 

KistoRisk 210 is a scenario generator which provides the 
scenario sets to RiskWatch 208 in order for RiskWatch 208 to compute 
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values of the MtP cube 120. HistoRisk 210 implements many scenario 
generation techniques such as: 

a) standard Monte Carlo scenarios; 

b) multi-step Monte Carlo scenarios, which are required to 
5 calculate potential exposures for credit risk, 

c) stratified sampling, which involves separating an 
underlying distribution into ranges and sampling from 
each range by its probability; and 

d) SoboJ sequences, a form of quasi-Monte Carlo technique, 
1 0 where samples are taken to ensure that they are 

approximately everUy spaced, 
HistoRisk 210 takes as input time series data and outputs 
scenarios and variance/covariance matrices to RiskWatch 208. 

Portfolio Credit Risk Engine (PCRE) 212 is an integrated 
1 5 market and credit risk framework that generates portfolio credit risk 
analysis including credit Value at Risk (VaR), as well as stress tests, based 
on the joint distributions of credit migrations across coimterparties and 
market risk Actors. PCRE 212 supports the simultaneous incorporation of 
multiple migration models that may be applicable to different product 
20 sectors, such as treasury and commercial baiiking, across an institution. 
PCRE 212 takes as input, for example: credit states from RICOS 204, 
cotmterparty exposure profiles from Risk Engine 202 and credit state 
scenarios from HistoRisk 210. 

The data required for system 200 is often scattered over other 
25 systems, each of which may have a unique data format and data 
conventions. RiskMapper 214 is designed as a flexible mapping tool that 
maps data exported from these other systems into an input format suitable 
for system 200 RiskMapper 214 shields users from the underlying 
mapping code by providing a simple graphiced user interface to define the 
3 0 data mapping rules. 

OiKe source data has been mapped by RiskMapper 214, it is 
stored in Algo Input Database (AIDB) 216 data server. AIDB 216 comprises 
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a relational database and set of tools for populating^ modifying, and 
selecting the data for analysis by RiskWatch 208. 

Reporting database 218 stores the resxxlts of risk measure 
calculations. These results need to be saved for enterprise reporting. 
5 Reporting database 218 is a relational database designed to store the 
enterprise risk results such as value-at-risk, sensitivities^ and exposures^ 
for example. Reporting database 218 forms the basis of a reporting 
function, including , batch oriented reporting as well as interactive adhoc 
queries. 

1 0 Cube explorer 220 is a graphical user interface that allows 

interactive analysis of the data in MtF cube 120. Application server 222 
hosts cube explorer 220 and a plurality of clients 224 which receive 
reporting data from system 200. 

The flexibility of this MtF framework and its computational 

1 5 efficiency allows the MtF framework to be applied to a wide range of 

problems. 

For example, in the preferred embodiment of the present 
invention, the MtF framework is adapted to value a portfolio in terms of 
its expected downside losses and upside gains under a range of future 

2 0 scenarios, relative to a chosen benchmark. 

Consider the simulation where a portfolio's monetary value 
is to be determined over a single period. The MtF simulation is performed 
on a set of basis instruments, over a set of possible future scenarios and an 
appropriate time horizon. The financial products comprising the portfolio 
2 5 are mapped to this set of instrxunents, and the portfolio is mapped to the 
finandal products. The result is a set of MtF values for the portfolio, one 
for each scenario. 

Some of the scenarios will have resulted in gains for the 
portfolio and some will have resulted in losses. The gains and losses 
30 could be absolute or computed with respect to a benchmark, the 
benchmark itself being subject to the same simulation. 

For example, the cbn.<vrn benrhTtiark may be ^ target security 
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or a portfolio that is to be replicated (e.g., a stock index or an exotic option), 
an alternative investment (e.g., cash), or a historical portfolio value 
against which gains and losses are calculated. 

If probabilities are associated with each scenario (that is, the 
5 probability of each scenario occurring), a distribution of unrealized gains 
(i.e. the portfolio's "upside") and a distribution of tinrealized losses (i.e. the 
portfolio's "downside") relative to the benchmark can be obtained. 
Referring to Figure 7a, if the portfolio's value exceeds that of the chosen 
benchmark in a given scenario, then the difference between their values is 
10 an imrealized gain and contributes to the portfolio's upside. Conversely, if 
the value of the chosen benchmark exceeds that of the portfolio in a given 
scenario, then the difference between their values is an tmrealized loss 
and contributes to the portfolio's downside. 

Referring to Figure 7b, it can be shown that the portfolio's 

1 5 upside has the same payoffs as a European call option^ with strike equal to 

the benchmark value, and with a maturity equal to the horizon. 
Similarly, referring to Figure 7c, it can be shown that the portfolio's 
downside has the same payoff as a short position in a European put 
option, with strike equal to the benchmark value, and with a maturity 

2 0 equal to tiie horizon. Thus, according to the present invention, a portfolio 

can be vedued in terms of its possible future upside and downside payoffs: 
the risk and reward associated with the portfolio can be calculated by 
placing a value on the put option and call option respectively. The 
interpretation of a portfoUo's possible future upside and downside payoffs 
25 in the context of put and call options allows investors to assess the trade- 
off between the risk and reward of a portfolio in a simpler, more intuitive 
manner. 

Furthermore, this is an inherently forwcurd-looking view of 
risk and reward since the value of the put or call option is dependent 

3 0 exclusively on future events, although the past might influence the choice 

of scenarios. It is also easy to evaluate multiple choices for the scenario 
probability weights under the MtF framework. 
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We now disoiss different applications where a portfolio's 
upside and downside can be used in the managing of risk associated with 
portfolios, 

A. Measurement and Ranking of Portfolios 
5 Many risk or reward measures can be derived from the 

distribution of computed ur\realized gains or losses. For example^ ti\e VaR 
measure for a portfolio can be calculated as a specified percentile of the 
downside, using the mark-to-market value of the portfolio as the 
benchmark. Other measures may include expected shortfall and standard 
1 0 deviation, for example. 

In the preferred embodiment of the invention, a Put Value of 
a portfolio is calculated by determining the expected downside loss 
associated with the portfolio under the range of possible future scenarios. 
This represents one method of valuing the put option and takes into 

1 5 accoimt the probabilities of scenarios occurring. 

Similarly, a Call Value of a portfolio is calctdated by 
determining the expected upside gain associated with the portfolio under 
the range of possible future scenarios. This represents one method of 
valuing the call option and takes into account the probabilities of scenarios 

2 0 occurring. 

In variant embodiments of the invention, the Put Value of a 
portfolio may alternatively be calctilated by determining the maximum 
downside gain or some other measure related to the downside associated 
with the portfolio given a set of possible future scenarios and probabilities 

25 of each scenario occurring. Simil^ly, the Call Value of a portfolio may 
alternatively be calculated by determining the maximum upside gain or 
some other measure related to the upside associated with the portfolio 
given a set of possible future scenarios and probabilities of each scenario 
occurring. In variant embodiments of the invention, the Put Value and 

30 Call Value of a portfolio may be calculated based on a single future 
scenario. 
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The Put and Call values of an existing portfolio can be used to 
obtain a risk/reward performance measure for the portfolio, relative to a 
benchmark. In so doing, the Put Value is essentially used as a risk 
measure associated with the future perforaiancc of the portfolio (rather 
5 than variance of expected returns as is knowny for example) and the Call 
Value is used as a reward measure associated with the future performance 
of the portfolio (rather than expected return as is known, for example). A 
risk/reward performance measure that incorporates a Put Value and/or a 
Call Value may be evaluated for each of a set of portfolios or each of a set 
10 of instruments (for example, a set of mutual funds, or a set of individual 
securities). The resultant performance measures can then be compared 
permitting the portfolios or the instnunents in the set to be ramked. Any 
M function of Call Value, Put Value, or both may be used in obtaining a 

Q performance measure. Some possible performance measures include, for 

J 15 example; Call-X(Put) (where k is given a specified value) and Call/Put. 

5rs 

g B, CQPStyucting Effidfnt FortfoliQg-(Qptimization MQdgl) 

- Given a performance measure (or an investor's utility 

Ll fimction in the context of the discussion below), one can formulate an 

fy optimization model to find the portfolio that obtains a best possible score 

P- 20 according to the perfonnance measvire vised. In this case, there is no single 

□ existing portfolio that is to be evaluated, only a set of constraints that 

define feasible portfolios. 

One approach to this optimization problem is to construct an 
efficient frontier, and to then use utility theory to select an efficient 
2 5 portfolio. 

The trade-off between risk and reward can be interpreted as a 
trade-off between the expected downside and the expected upside of a 
portfolio in the context of the present invention. An efficient portfolio 
can be defined as a portfolio which maximizes the e)q>ected upside for a 
30 given amount of expected downside. The upside and dovmside, as 
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explained earlier in this specification, match the payoffs of a long call and a 
short put option, respectively/ on the future value of a portfolio relative to 
the chosen benchmark. Thus, we can define a portfolio's Call Value and 
Put Value to be the expected upside and expected downside, respectively, 
and refer to the optimal trade-offs between these quantities as the Put/Call 
Efficient Frontier. 

The Put/Call Efficient Frontier is defined by the solution to: 

Problem 1: v(k) « maximize: Call Value 

subject to: 

Put Value Ik 
trading constraints 

f or 2dl k > 0, where k is a variable corresponding to a value of specified 
expected downside. The variable in the problem above are the sizes of the 
positions which define a portfolio. When calculating a portfolio's Call 
Value and Put Value, the expectation is taken over a set of probability- 
weighted scenarios/ the data for which is stored in the MtF cube 120 of 
Figures 5 and 6. 

Trading constraints include, for example, liquidity constraints 
that apply to the instnmients of a portfolio. Liquidity constraints reflect 
ttie relationship between price and trade volume for each security. Other 
trading corxstraints may include a budget or limits on various groups of 
instruments, for example. 

In the preferred embodiment of the method of the invention, 
we assume a single-period time horizon T, although the resxUts extend 
naturally to multiple time horizons, which may be used in variant 
embodiments of the invention. 

For each value of k, the solution to Problem 1 is obtained and 
multiple portfolios are evaluated for which the largest possible expected 
upside while not incurring more than k tmits of expected downside are 
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calculated. As the problem is solved for further values of as k is 
increased from zero^ the optimal solution values define the Put/Call 
Efficient Frontier. 

In a variant embodiment of the invention, the Put/Call 
5 Efficient Frontier may be alternatively constructed by minimizing the Put 
Value subject to obtainir^ a specified level of Call Value. 

The generation of the Put/Call Efficient Frontier requires a 
linear program to be solved, which is mathematically formxdated below. 

Suppose there are n securities, indexed by i, available for 

1 0 constructing a portfolio. Possible states-of-the-world at a time step t are 

represented by s scenarios, indexed by j. We assvune that the benchmark is 
a security which grows in value at a specified rate in each scenario. For 

% example, one could choose a risk-free security as the benchmark and set 

N| the growth rates in all scenarios to be consistent witfi the risk-free rate. By 

15 incorporating the benchmark in terms of a set of growth rat^, the subject 

Ln invention does not require an exphcit normalization coi\straint for scaling 

S purposes. 

s In the preferred embodiment of the invention, different 

\2 tranches of the same security are coi\sidered to be separate instruments, 

ry 20 For example, suppose a particular stock tradra at one price for up to 10,000 

2 shares and another price for over 10,000 shares (the liquidity premium), 

P then these two tranches of the stock are cor\sidered to be two distinct 

instrument in the optimization model. 

One uTut of security i, which is currently worth qj, qi being the 

2 5 current mark-to-market value of security i, attains a Mark-to-Future value 

of Mji in scenario j. Likewise, an investment of q^ in the benchmark yields 
a value of r^qjin scenario j. For example, a benchmark growth rate of rj > 1 
means that the benchmark appreciates in value. 

A portfolio that consists of positions Xj in each security i 

3 0 achieves an upside gain, relative to the benchmark, of: 
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n 

uj =max[X(Mji-rjqi)xi,0] 
i=l 

and a downside loss, relative to the benchmark, of: 
5 n 

dj = max [ I (r^qi . M^)x-^ 0 ] 
i=l 

in scenario j. Note that the equation 

u-d = (M.rqT)x (1) 
1 0 together with the conditions 

u>0 
uTd = 0 

correctly specifies the upside and downside across all scenarios. In this 
1 5 specification, equation (1) is referred to as the tracking constraint, and 
u'^d = 0 is referred to as the complementarity constraint 

To simplify the notation, we define the rxet gain that results 
from holding one unit of security i instead of the benchmark in scenario j 
to be 

20 VjioMji-rjqi 
and, more generally, 

V M -rqT 

Thvis, Equation 1 can be written eqmvalently as 

25 u-d = Vx 

In practice, there may be limits on the sizes of trades that can 
be executed, or on the price that can be obtained for a particular trade 
volume. In other words, markets are said to possess finite liquidity. To 
model finite liquidity, we place limits on the position sizes and assume 
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that the price of a security is an increasing^ piecewise constant fvmction of 
volixme as is shown in Figure 8a. The latter restriction reflects the fact that 
there is a cost or a liquidity premium, associated with trading increasingly 
large quantities of a given security. 
5 Referring to Figure 8a, up to xrnits of a given security can be 

sold at a given price while additional units, up to a maximiim of x^, can 
only be sold at a lower price; the first units can be bought at a given price 
and additional imits, up to a maximum of demand increasingly higher 
prices. 

1 0 Referring to Figure 8b, the corresponding total cost function, 

which plots the cost of trading a given quantity of the security, is 
piecewise- linear and convex. 

This representation allows a security to be decomposed into a 
series of tranches, each with its own constant price and trading limits, that 

1 5 reflect the actual price/ volume behaviour of the security. Each tranche is 
then modeled as a separate security. For example, the security represented 
in Figure 8a consists of five tranches with the following trading limits: 

(x,-Xb)<Xi^O 

Xt, ^ X2 S 0 

20 0<X3<Xc 

05X4<(Xd-Xc) 
0<X5<{Xe-Xd) 

A position, x, in the security is simply the sum of the positions in the 
individual tranches: 

25 X = Xi + Xj + X3 + X4 + X5 (2) 

More generally, we denote the collective set of lower and upper trading 
limits for all securities by x^. and Xy, respectively. By defiitition, {xy)^ » 0 
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for all tranches that correspond to a short position in secxirity while 
(xL)i=0 for all tranches fliat correspond to a long position in security i. 

Equation 2 correctly represents the actual position only if the 
tranches are filled in the proper sequence. That is, if x^_i and Xj represent 
5 successive short tranches of a single security, then x^.i < 0 only if = (xL)i . 
Similarly, if Xi and Xj^j represent successive long tranches of a single 
security, then Xj^.^ >0 only if x^ = (xu)i. This behaviour is consistent with a 
convex total cost function (e.g.. Figure 8b), which can be obtained by 
ensuring that, for each security i, V^^ ^ Vj j ^ j for all j = 1,2, s and 

1 0 >Vj i ^2 at least one j (i-e., the lower tranche outperforms the higher 
tranche relative to the benchmark). 

In the preferred embodiment of the invention, it is assumed 
that an investor seeks to maximize the Call Value (expected upside) of a 
given portfolio subject to not exceeding a specified limit, k/ on the Put 

1 5 Value (e>q?ected downside) of the given portfolio. The optimal trade-off 
between the two is found by solving the following linear program, in 
known manner, which we call the primal problem (relevant dual 
variables are listed in parentheses): 



Problem 2 (primal problem) 
2 0 maximize^j^ p'^u 

such that 



25 



P^d^ (p) 

U'd.(M-rqT)x^O {n) 

-x^.Xl (Q)l) 

X<Xy (g>u) 

u>0 

d>0 



- 24 - 



Note that Problem 2 does not contain the complementarity constraint 
u^d = 0, This constraint can be safely omitted when constructing the 
Put/Call Efficient Frontier for risk-averse investors. 

Solving the linear program above defines one point on the 
5 Put/Call Efficient Frontier. Generation of the entire Put/Call Efficient 
Frontier requires the linear program to be solved for all kSO, 

Constructing the efficient frontier exactly typically requires 
the use of parametric programming since k is a continuous variable. 
Altematively, one can solve Problem 2 for a fmite set of k values and then 
1 0 obtain an approximate efficient frontier by interpolating (e.g. linearly) 
between the optimal solutions. The resulting approximation can be made 
more precise by solving the problem for additional intermediate values of 
k. 

Referring to Figure 9, it is evident that the resultant Put/Call 

1 5 Efficient Frontier is concave and piecewise-linear. 

In the present invention, an efficient portfolio may now be 
selected based on expected utility. The Put/Call Efficient Frontier, if it is 
non-degenerate, identifies an infinite number of efficient portfolios, each 
providing the maximum amovmt of expected upside for a given level of 

20 expected downside. The selection of a particular efficient portfolio 
depends on an investor's risk/reward preferences and absolute tolerance 
level for risk, as measured by the expected downside. Note that by 
definition, any portfolio not on the Put/Call Efficient Frontier is 
dominated by an efficient portfoUo and will never be selected by an 

25 investor. 

In the preferred embodiment of the invention, it is assumed 
that investor will act in a manner that maximizes the value of: 

expected utility = (expected upside) -^(expected downside) 
where X ^ 0 is a constant representing the investor's degree of risk 
30 aversion. Variant embodiments of the invention may incorporate 



- 25 - 

different utility functions or perfonnance measures- 

An investor who is highly averse to risk will have a large X, 
while an investor who is keen to take risks will have a small X. In general, 
we refer to investors as being risk-averse (X>1), risk-neutral (X=l) or risk- 
5 seeking (0 ^ X< 1). The above equation for expected utility is consistent 
with a utility function that is bi-linear in gains and losses (relative to the 
benchmark). 

For an efficient portfolio, p measures the marginal expected 
upside per unit of expected downside. If the amount of risk that can be 
1 0 tolerated is uiUimited, then an investor with risk aversion X^will select an 
efficient portfolio with H = ^ there is no such portfolio, an efficient 
portfolio with >! > and the largest expected upside (or, alternatively, 

)i< and the small^t expected upside). 

Viewed geometrically, an investor will select the portfolio 

1 5 defined by the point at which a line with slope X^ is tangent to (or more 

precisely, is a subgradient of) the Put/Call Efficient Frontier. 

Referring to Figure 11, for example, an investor with risk 

aversion >ij < X^ < select the portfolio that corresponds to point A 

on the Put/Call Efficient Frontier. An investor with X^ = will be 

2 0 indifferent among all portf ohos on the segment from the origin to point 

A^ while an investor with X^ = ^® indifferent among all portfolios 

on the segment between points A and B. 

If we restrict our attention to risk-averse investors, it follows 
that oiUy those segments of the Put/Call Efficient Frontier having slope 
25 greater than one are relevant for decision-making purposes. The 
corresponding efficient portfolios automatically satisfy the 
complementarity constraint in this case. 

However, selecting portfolios based on a bi-linear utility 
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ftinction ignores the fact that there is typically an upper limit on the 
amount that an investor is prepared to lose (in this context, loss is 
equivalent to the expected downside relative to a benchmark). For 
example, while a loss of $50,000 may bankrupt an individual investor, a 
5 corporation may be able to withstand losing several million dollars 
without any adverse effect. Thus, if we are to consider a restriction 
reflecting an allowable maximum loss, investors will effectively be 
restricted to portfolios on a truncated Put /Call Efficient Frontier that 
extends from an expected downside of zero up to some level k^, which 

1 0 corresponds to the maximum loss that can be tolerated. 

In contrast to Figure 11, the example of Figure 12 shows that 
an investor with risk aversion where < < maximum loss 

tolerance k^, where k^ < k;^, will be forced to select the portfolio ttiat 
corresponds to point rather than A, on the Put/Call Efficient Frontier. 
15 In this case, the maximum loss tolerance level causes the investor to act in 
a manner that is cor\sistent with an implied risk aversion of rather than 

K 

Referring to Figure 13, a method of the present invention 
relating to the selection of efficient portfolios commences at step 240. 

2 0 Step 242 requires that a portfolio whose data is stored in a MtF 

cube 120 of Figures 5 and 6, be decomposed into its downside losses and 
upside gains. The decomposition of a portfolio is performed as part of 
solving the optimization problem. Note that it is not the case that all 
possible portfolios are decomposed "up front". 
25 At step 244, a Put/Call Efficient Frontier is constructed hy 

solving, using an optimization software package as is knoivn in the art, the 
linear program as ou dined in the mathematical formulation previously 
described in this specification. 

At step 246, an efficient portfolio is selected based on expected 

3 0 utility specified by a given value, or alternatively, based on expected utility 

specified by a first given value and based on a maximum loss tolerance 
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specified by a second given value. 

At step 248, data corresponding to the selected efficient 
portfolio may subsequently be outputted or stored. The flow of method 
steps then proceeds to step 250, where the method is terminated . 
5 In variant embodiments of the invention, another approach 

to determining the portfolio that obtaii\s the best possible score given a 
performance measure (alternatively put, the highest utility given an 
investor's utility function) can be used by incorporating the utility 
fimction directly into the optimization model and solving a single 
1 0 mathematical program. For example, solving a linear program that 

maximizes the value of the utility function Call-X(Put) for a specified 

value of X will define an efficient portfolio. This differs from the previous 

approach described where an efficient frontier defining numerous 
portfolios that trade off Put and Call Values is constructed, and whereafter 
15 an efficient portfolio is selected for a given X. 

C. Pricing Portfolio Insurance for Arbitrary Portfolios 

As a by-product of the optimization model, one can use 
duality theory, as is known, to price any instrument for which we have a 
set of Mark-to-Future values. 

20 In particular, one can price an iitstrument whose payoff 

matches the downside of a given portfolio imder a range of possible future 
scenarios. In other words, the payoff must equal the downside in exactly 
those sceiiarios in which the portfolio incurs downside, and be zero in all 
upside scenarios (i.e., the insurance exactly offsets losses, and does not pay 

25 out otherwise). Thus, given an arbitrary portfolio, the upside and 
downside payoffs associated with that portfolio can be determined, and 
subsequently, one can properly price portfolio ii\surance that will insure 
an investor against the downside. 

The price of the portfolio insurance is not unique, and will 

3 0 dep nd on the risk preferences of individual invest rs. The price is correct 
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for an investor who makes decisions based on the performance measure 
(or utility function) used in the optimization model. 

The information necessary to price portfoho insurance is 
inferred from the problem that is dual to Problem 2. In a manner similar 
5 to arbitrage-free pricing, it is possible to derive a set of benchmark-neutral 
probabilities and infinite-liquidity prices that exactly balance the expected 
upside and expected downside of all instruments that are included in the 
optimization problem (i.e., the n securities that are available for 
constructing the portfolio). The benchmark-neutral probabilities can then 
10 be used to obtain prices for new securities that are consistent witii an 
optimal portfolio. A new security is one that was not included in the 
optimization problem. Given its MtF payoffs, we can calculate the price at 
H which the investor will be indifferent to trading this security; i.e. it is the 

SJ price at which the investor will have no incentive to either buy or sell the 

C 15 security in order to improve the optimal portfolio (i.e./ to obtain a 

111 portfolio with higher utility). Suppose an investor with risk aversion 

^ 31=1.5 solves the optimization problem and obtains an optimal portfolio 

: with utility 100 (note that this utility depends on the investor's \). 

Afterwards, a new company stock gets issued and it is marked- to-future. 
20 We can calculate the price for this stock at which it cannot increase the 
□ utility of the portfolio beyond 100, so tiie investor will have no incentive 

to buy it or short it. This price depends on the investor's X and on the 
composition of the optimal portfolio. 

The mathematical formulation of the relevant problem is 
2 5 described below. 

Taking the dual of Problem 2 results in the following linear 
program (relevant primal variables are listed in parentheses): 
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Problem 3 ^dual problem) 

such thai 

G)L.G)u+(N^^-qr^)7C = 0 (x) 
5 p]x-K>0 (d) 

71 >p (U) 

Note that the dual problem always has a feasible solution. For example, 
setting 71} = Pj for all scenarios and setting 

10 s 

= max [ -I (Mjj - q^r^ypy 0 ] 

j = l 

and 

s 

1 5 (a)u)i = max [ I (M^^- q^r^p^, 0 ] 

j=l 

for all securities i, satisfies the constraints in Problem 3, Thus, Problem 2, 
the primal problem, is always bounded and the expected upside is always 
fiiute for any amoimt of expected downside (intuitively, this is due to the 

2 0 fact that liquidity is finite; put another way, only a limited amotmt of each 

security can be traded). 

BenchmaTk-neutral probabilities and infinite-liquidity prices 
The dual constraint for security i is 



25 



5 

i<oOi ' (G>u)i + 1 (Mji - qirj)7Cj = 0 (3) 
i = l 
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where {(^^1)^ and ((0^)^ are liquidity dual prices. By complementary 
slackness, (€0^)^ and (6>y)j will be zero if security i is strictly between its 
upper and lower bounds. When there are tranches, it is impossible for all 
positiOT\s to be strictly between their bounds (there cannot be successive 
5 partially-filled tranches) and some elements of cd^ or CDy will be positive in 
this case. 

From the weights tc, we can define a set of benchmark-neutral probabilities 
p, where 

1 0 and s 

i = l . 

Dividing Equation 3 by the sum of the weights yields 

(m \ (CO ) * 
1c - —iil +E(M. -q.r)p. = 0 (4) 

Now, let 

8 

E (V ) = y (M - q r )p (5) 

denote the expected gain, relative to the benchmark, of one ttnit of security 
i imder the probabilities p. 

2 0 From Equations 4 and 5, it follows that 



E (V ) = i^i - JVi (6) 
" « / / 
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Thus, when {<\\ - (<Bu)i = 0» ^ benchmark-neutral probabilities p satisfy 
Ep(V(i)) = 0 

for security i. The non-zero elements of (O^ and reflect liquidity 
premiums and discounts, respectively^ that are inherent in the observed 
5 prices of securities. 

If security i is basic in the linear programming sense (all 
securities that are strictly between their bounds are basic; in the case of 
degeneracy, secxurities that are at a bound may also be basic), then the 
liquidity dual prices {(0^)^ and (0)^)^ are zero. Thus, basic securities obtain 

1 0 a weighted gain of zero relative to the benchmark imder the weights it, 
and it follows that they equally trade off expected upside and expected 

downside imder the benchmark-neutral probabilities p (i.e., p is a 
Martingale probability measure for the gains of basic securities). 

If security i is at its lower bound, then (0)^)1 > 0 (assuming no 
1 5 degeneracy) and, from Equation 6, it follows that (V^.p < 0. That is, 

under the benchmark-neutral probabilities, security i contributes more 
expected downside than expected upside. Hence, the size of the position is 
as small as possible, and will in fact be negative if the security can be 
shorted. Note ftiat we can express the observed price as 

(0) ) 

20 q, = q. 

(CO ) 

where ^. is the infinite-liqviidity price and _LJ. is a liquidity premium. 

r 71 

Note that is that price for which security i obtaii\s an expected gain of 
zero relative to the benchmark under the benchmark-neutral probabilities. 

3 
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Specifically/ there exists a set of gains 

for which Ep(V(i)) = 0. 

5 Conversely, if security i is at its upper boirnd, then (o\j\ > 0 (assuming no 
degeneracy) and Ep(V(^j) > 0 . In this case, we can write 

(<o ) 

q =a - ^ ' 

i » T 

rn 

where is a liquidity discottnt and, again, Ep(^(jj) = 0. 

10 In summary, the liquidity dual prices allow us to obtain infinite-liquidity 
prices ^ and a corresponding set of gains v that is a Martingale imder p. 

Benchmark-Neutral Pricing 
For any security i, 

15 ^i^iNiT^yp (7) 

To 



where 



^0 = ^*^? 



Equation 7 represents benchmark-neutral valuation: the infinite-liquidity 
2 0 price of a security equals its expected payoff over p, discounted at the rate 
r^j. Note that in the case of a complete, infinitely-liquid market with r = 1 
(when the benchmark is the mark-to-market value of the portfolio). 
Equation 7 is eqviivalent to risk-neutral valuation* Benchmark-neutral 
prices, however, exist even when markets are illiquid and/or incomplete 
2 5 (although the price does depend on the risk preferences of the investor. 
Benchmark-neutral pricing is equivalent to the concept of utility-invariant 
pricing, which finds the price at which an investor is indifferent to 
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trading security h in an optimal portfolio. Observe that an investor 
holding a portfoUo that optimally trades off Put Value and Call Value will 
be inclined neither to buy nor sell security ft if Ep (V^j) = 0, which implies 
that its infinite-liquidity price satisfies Equation 7. 
5 Equation 7 can also be used to price a Put Option and a Call 

Option by replacing M(ij with the downside (d) and upside (u) payoffs of 
the portfolio respectively. Note that put/call parity; 

^oi> - ^oP ^d = r^p T (M - rq^)x 

is a restatement of the complementary slackness condition for the tracking 
1 0 constraints: 

7iT(u-d-{M-rq^x) = 0 

To price portfolio insurance^ replace M(i) is replaced with the downside 
payoffs of the optimal portfolio. Given an arbitrary set of MtF payoffs^ we 
can calculate a price as described earlier in this specification. This price is 

1 5 only relevant in relation to the optimal portfolio - i.e., it is the price at 
which the investor will be indifferent to trading the new instrument, 
given that he or she is currently holding the optimal portfolio. If die set of 
MtF payoffs happen to match the downside payoffs of the optimal 
portfolio, then purchasing this "instrument" can be interpreted as bujdng 

20 insurance for the optimal portfoUo. The price of this instrument is the 
maximum amount that the investor would be willing to pay in order to 
avoid any downside, given that the investor is holding the optimal 
portfolio. Thus, if the payoffs do not exactly match the downside of the 
optimal portfolio, a price can still be obtained, but the instrument cannot 

25 be interpreted as being insurance, strictly speaking, in this case. 
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nthfir Properties of the Put/C? in Ftfinpnt Frnntief 

Referring again to Figure 9, the Put/CaU Efficient Frontier is 
concave and piecewise-linear. As the allowable downside k changes, so do 
the basic instnimente and, hence, also the benchntark-neutral probabilities 
5 and the dual prices. Specifically, die benchmark-neutral probabilities and 
the dual prices change only at discrete points (i^., when there is a change 
in the optimal basis of the linear program), and thus they are effectively 
step functions, rather than linear functions, of k (they are of the same 
general form as the function shown in Figure 8a). To be precise, when 
1 0 referring to these values in the context of tiie Put/CaU Efficient Frontier, it 
is necessary to define them as explicit functiot\s of k (Le,, p(k), Ci>L(k) (^(k) 
}i(k)). However, to simplify the notation, we continue to use our existing 
convention, with the implicit understanding that the values are consistent 
with the currently-specified limit for expected downside. 

1 5 Since the primal and dual objective functions are equal at 

optimality, it follows from Problems 2 and 3 that for each k, an efficient 
portfolio satisfies 

p"^u = kp - (Xl)^ (Ol + (xy)^ a>u (8) 

Note that in Equation 8, and Oy are actually step functions that 

20 depend on k. Thus, over each range of k values that leaves the basic 
securities rmchanged, the expected upside is a linear function of the 
expected dowi\side (I.e., p^u = k|i + 6, for some constant 9) and so the 
Put/Call Efficient Frontier is piecewise linear. The slope of the Put/Call 
Efficient Frontier at the point k equals \x, the marginal expected upside per 

2 5 unit of expected downside. Note that \i decreases with increasing k and so 

the Put/CaU Efficient Frontier is concave. Intuitively, this occurs because 
the most attractive opportunities for trading off expected upside and 
expected downside are used first; as k increases, and the most attractive 
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securities attain their bounds, the marginal expected upside per unit of 
expected downside {\x) decreases. In contrast, if there are no liquidity 
constraints (i.e., Uquidity is infinite) then, in the absence of arbitrage, the 
Put/Call Efficient Frontier is a straight line. 
5 Equation 8 also indicates that positive expected upside may be 

attained when k = 0, as shown in Figure 10. This can occur if the tranches 
nearest to the zero position provide an arbitrage opportunity, which can be 
exploited until the corresponding securities reach their trading limits. 
Thus, the Put /Call Efficient Frontier may terminate at a non-zero value on 

1 0 the expected upside axis, rather than at the origin. 

The dual problem (Problem 3) includes the constraints 
p ^ TC ^ }ip. Thus, it follows that u > 1 and the slope of the Put /Call 
Efficient Frontier is never less than one (i.e., it is always possible to obtain 
at least one unit of expected upside per unit of expected downside). This is 

1 5 due to omitting the complementarity constraint in Problem 2; if both 
upside and downside can be positive in the same scenario, then one can 
always trade off equal amounts of Put Value and Call Value on a marginal 
basis (resulting in p = 1) Conversely, if ]X>1, then it can never be the case 
that both upside and downside are positive in the same scenario (i.e., the 

20 complementarity constraint is automatically satisfied when ]x > 1). Only 
portfolios with }i > 1 are relevant for risk-averse investors, which allows 
the complementarity constraint to be omitted in this case. 

The benchmark-neutral Put/Call Efficient Frontier 

Recall that the benchmark-neutral probabilities and infinite- 

25 liquidity prices vary with k (there is a separate set of values for each 
segment of the Put/Call Efficient Frontier). As shown below, solving the 
primal problem with any set of benchmark-neutral probabilities together 
with their corresponding infinite-liquidity prices produces a benchmark- 
neutral Put/Call Efficient Frontier that is a 45-degree line rooted at the 

3 0 origin. 
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Let p and ^ denote a set of benchmark-neutral probabilities 
and infinite-liqtddity prices, respectively. It can b shown from the 
equations in the previous section that 

and from the primal problem (Problem 2), it can be shown that 

pTu = p^d + pT(M - r 

Substituting this equation into the preceding equation, and using the 
defmition of p, yields 

pTu = pTd + [(M^-r'^q)7C + 0)^ - (O^l^x 
Since a dual feasible solution satisfies 

(M*^ - qr'^)7C + - a)L = 0 
it follows that; 

p'^u = p^d 

Thus, imder benchmark-neutral probabilities and infinite liquidity prices, 
the expected upside equals the expected downside for all portfolios, 
regardless of the positions taken in the securities. It follows that the 
Put/Call Efficient Frontier is a 45-degree line rooted at the origin in this 
case. 

It will be apparent to those skilled in the art tiiat the term 
"value" as used in this specification and in the claims is not limited to 



- 37 - 



reference to a monetary value. 

As will be apparent to those skilled in the art, other various 
modifications and adaptations of the methods described herein are 
possible with departing from the present invention, the scope of which is 
defined in the claims. 



